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ABSTRACT 

Recently a modification of the tachyon DBI action has been proposed in which the tachyon 
carries the internal CP matrix a\ and <7 2 . In this paper, we find the momentum expansion 
of the disk level S-matrix element of four tachyons and one gauge field in superstring theory 
and show that the first and second order terms of the expansion are in perfect agreement 
with the above tachyon DBI action. 







1 Introduction 

A natural mechanism for inflation in string theory is to have D-brane-anti-D-brane sepa- 
rated along an extra dimension [H [2j [3j H] . In this model, the brane separation plays the role 
of inflaton. When the separation is smaller than the string scale, the open string stretching 
between the branes become tachyonic at its ground state J5j[6l[7]. At this time the inflation 
stops and universe undergoes the reheating period when the energy of inflaton decays to 
the particles of the Standard Model [HI IS]- To understand this period, one needs to know 
the effective action of brane- antibrane. Even though the mass scale of the tachyon and the 
mass scale of the massive modes of the open string are the same order, there are various 
arguments that indicate there must be an effective action for brane-antibrane in which there 
are only tachyon and massless fields [10J. The effective action of brane-antibrane may be 
found from the effective action of two non-BPS branes by (— 1) Fl orbifolding [11] . 

The effective theory of non-BPS branes has two parts, i.e., 



where Sdbi/Swz must be an extension of the DBI/WZ action of BPS branes in which 
the tachyon modes of the non-BPS branes are included appropriately. There are various 
methods to study these actions. It has been shown in [T2J H3] that the tachyon DBI action 
[El [151, Uni [IT] can capture many properties of decay of non-BPS branes around the stable 
point of the tachyon potential. In [18], using the S-matrix method, an extension for the 
WZ action of non-BPS branes/brane-antibrane has been proposed in which the gauge field 
has been replaced by the superconnection. This action is consistent with the leading order 
terms of the momentum expansion of the S-matrix element of one RR and two tachyons 
[18J. This form of action has been then confirmed by the BSFT method in [TSl [20] • See 
[2T[ 122] for consistency of the WZ action with other S-matrix elements. 

However, the BSFT and the S-matrix methods produce different actions for the DBI 
part which may be related to each other by some field redefinition. The S-matrix method 
indicates that the leading order terms of the momentum expansion of any S-matrix element 
which involves two tachyon vertex operators are consistent with the usual tachyon DBI 
action [TH] . However, the momentum expansion of any S-matrix element that involves four 
or more tachyon vertex operators must be consistent with the modification of the tachyon 
DBI action in which the tachyon carries the Pauli matrices <j\ and/or <ji [22l 123] . This 
action in flat background is 



S, 



'non-BPS 



Sdbi + Swz 




(1) 
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where V(TiTi) = e ^ a ' m2T i T i/ 2 an d m 2 = — l/(2a'). In above action 

q.. = iSij-ilT^Tj] (2) 

The subscripts i,j = 1,2, i.e., T\ = Ta±, T 2 = To<i- In above action there is no sum over 
To fix these indices, one must first expand the square roots and then choose two of 
indices to be 2 and all others to be 1. The trace in above equation should be completely 
symmetric between all matrices of the form F a b,.D a Tj, [Ti,Tj] and individual Tj of the 
potential V(TjTj). This symmetric trace makes the above rule for fixing the indices i,j to 
be unambitious. Around the stable point of the tachyon potential and for abelian gauge 
group, the above action reduces to the usual tachyon DBI action with the potential T A V 
(see the Discussion section). 

The above modification to the tachyon DBI action has been found in [22] by studying 
the S-matrix element of one RR and three tachyons. The tachyon pole in this amplitude 
must be reproduced in field theory by considering appropriate four-tachyon couplings. The 
four-tachyon couplings in the usual tachyon DBI action can not reproduce the tachyon pole 
of the S-matrix element. However, by assuming the tachyon in the action carries the Pauli 
matrices as above, one can produce the tachyon pole exactly [22]- This rule is consistent 
with the observation that the open string states of non-BPS branes carry interal matrices 
|24j. To see this, we note that the tachyon of non-BPS branes in picture (0) carries internal 
matrix o"i [24J. The picture changing operator, on the other hand, carries the internal 
matrix C3 [25], hence, the tachyon in picture (—1) must carry internal matrix 02. Now, 
using the fact that the superghost charge of the disk level amplitude is —2, i.e., two of the 
vertex operators must be in (—1) picture and all other must be in (0) picture, and using 
the observation that the momentum expansion of the string theory S-matrix element of 
tachyons in which two of the tachyon vertex operators to be in (—1) picture and all other 
to be in (0) picture is very similar to the momentum expansion of the massless transverse 
scalars [2"2"| |2"5] , one finds the above rule for fixing the Pauli matrices in the modified tachyon 
DBI action dT}. 

In this paper we would like to compare the action ([T]) with the S-matrix element of four 
tachyons and one gauge field. This study can confirm the presence of covariant derivative in 
the action and more importantly this can confirm the presence of Qij which does not appear 
in the four tachyon couplings studied in [22]. So in the next section we write the S-matrix 
element by including the internal matrices in the vertex operators, and find the momentum 
expansion of the amplitude. The amplitude has massless/ tachyon poles and contact terms 
at each order. In section 3, using the action flTJ, we reproduce exactly the massless/ tachyon 
poles and the contact terms of the S-matrix element at the first and second orders. Section 
4 devoted to a brief discussion. 
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2 Tachyon amplitude in superstring theory 



The S-matrix element of four tachyons and one gauge field of N non-BPS D p -branes in 
superstring theory may be given by the following correlation function: 

J2 J d Xl dx 2 dx 3 dx 4 dx 5 ((V^ 1 (x 1 )V^ 1 (x 2 )y T (x 3 )K ) T (a;4)V r 4 (x 5 ))) (3) 

non— cyclic 



where the vertex operators for tachyons and gauge field are given 




V T = (2ik-i/;)e 2ikX X^a 1 

V\ = e 2lhX e-*\®a 2 

V A = i a (dX a + 2ik-^ a )e 2ikX \® I 

where £ a is the polarization of gauge field. The matrix A is the external Chan-Paton matrix 
and 0i, 02, I are the internal CP matrices. In the above vertexes, k is the world volume 
momentum of the open string states. The on-shell condition for tachyon is k 2 = l/(2a'), 
and for gauge field is ^ a k a = and k 2 = 0. 

Momentum expansion of the above S-matrix element should produce an effective field 
theory in which the massless fields carry identity internal matrix, because when tachyon is 
set to zero the effective action of non-BPS branes must be reduced to the effective action of 
BPS branes that has no internal CP matrix. Hence, one finds that the momentum expansion 
of above amplitude should have massless pole in s\2, S34, i.e., S12, S34 — > 0. In particular, it 
does not have massless pole in s 2 3, i.e., to have a massless pole in this channel, the gauge 
field should carry 03 which is forbidden. To have a S-matrix element whose momentum 
expansion is consistent with the effective field theory, one has to add two other correlators 
in fl3]), i.e., 

A ~ ^2 J dxidx 2 dxsdx4dx 5 ((Vl 1 (xi)V T 1 (x2)V^(x3)V^(x4 : )V l f(x 5 )) (4) 

non— cyclic 

+ (V^x^ix^V^x^ix^ix,)) 
+ (V^x^ix^ix^V^x^ix,))) 

The momentum expansion of the second correlator should have massless pole in S13, S24, i.e., 
S13, S24 — > 0, and the last correlator should have massless pole in s 14 , s 2 3, i.e., s u , s 2 3 — > 0. 
All above correlators should have tachyonic pole in S15, S25, S35 and S45, and massive poles 
in all other channels. Note that the above correlators for different ways of distributing the 
superconformal ghost charge are equivalent when the internal CP factors are included [23J, 
however, their momentum expansion are different. 

^^Our conventions in string theory side set a' = 2. 
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Alternatively, the S-matrix element can be given by the following correlator: 

A ~ J2 J d Xl dx 2 dx 3 dx,dx 5 ((V T (x 1 )V T (x 2 )V T (x 3 )V T (x,)V A 2 (x 5 ))) (5) 

non— cyclic 

In this case, the gauge field carries the identity internal matrix and all tachyon vertex oper- 
ators carry a±. The momentum expansion of this amplitude has the same massless/tachyon 
poles as the amplitude (j3J). The amplitude is symmetric under interchanging the tachyons, 
so the expansion here should be around 

012,334)^0 + 0l3, S24) -> + (S14, s 23 )^0 (6) 

which is symmetric under interchanging the tachyons. The first, second and the third term 
above are corresponding to the momentum expansion of the first, second and the third 
correlator in (J3J), respectively. 

The definition of Mandelstam variables is 

Sij = -a'(ki + kjf (7) 

The number of independent kinematic factors in the scattering amplitude of n states is 
7j(n — 3) [26]. In the present case, there are 5 independent kinematic factors. One may 
choose them to be Si 2 , s 23 , s 34 , s 45 , Si 5 . Using conservation of momentums and the on-shell 
conditions k\ = k\ = k\ = k\ = l/(2a'), k\ = 0, one finds that the other kinematic factors 
Si3j Su, s 2 4, s 2 5, S35 can be written in terms of the independent ones as 
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Sl3 


— S45 


- S12 


— S23 — 


2 


S14 


= S23 




— S45 — 


1 










3 


S24 


= Si 5 


- s 23 


- s 34 - 


2 


S25 


= S34 


- S12 


- Sl5 - 


1 


S35 


= S12 


- S45 


- S34 - 


1 



(8) 



One can show that the Mandelstam variables satisfy the following relation: 

E^' = "6 (9) 

i<j 

One should write the momentum expansion of the above amplitude in terms of inde- 
pendent variables. In [27], it has been argued that the momentum expansion of a S-matrix 
element should be, in general, around (A;, + kj) 2 — > and/or ki-kj — > where fc« is the 
momentum of z-th particle. The expansion {hi + kj) 2 — > should be corresponding to the 
massless poles. So, in the first corrlator in (J3J) the expansion should be around 

{{h + k 2 ) 2 , (k 3 + k A ) 2 ) -> 0, and (k 2 -k 3 , h-k 5 , k 4 -k 5 ) -> (10) 
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In the second correlator in (J4J), since there is no massless pole for the independent variables 
the expansion should be around 

(h-k 2 , h-k 4 , k 2 -k 3 , h-fa, k A -k b ) -> (11) 

In the last correlator in (jlj), there is massless pole only in the S23-channel so the expansion 
should be around 

(k 2 + h) 2 , — > 0, and (h-k 2 , h-k^, h-k 5 , k 4 -k 5 ) — > (12) 



We now try to calculate the correlators in (J3J). It has been shown in |23j, that when 
the internal CP factors are included, the S-matrix elements in different arrangement of the 
picture of the vertex operators are identical. So each of the terms in (jlj) should be the same 
as 

A' ~ ^2 J dxidx 2 dx 3 dx 4 dx 5 (V 7 (xi)V 7 \x 2 )Vq \x^V^ 1 {x^V^ 1 {x^)) (13) 

non— cyclic 

The only difference is in their internal CP factors. The CP factor for 12345 ordering in 
the first, second and the third term of (jlj) are ^(a^^iail) = 2, TT(a 2 aia 2 <JiI) = —2 
and Tr(a 2 ai<Ji<j 2 I) = 2, respectively. On the other hand the CP factor of the amplitude 
A' is Tr^icr! aia 2 as) = —2i. The correlation function in A' for 12345 ordering has been 
calculated in [29]. The result has three terms which are proportional to fcr£, k 2 -C, and k 3 -^. 
The one which is proportional to fci-£ is 

A' = -2a%Tr(A 1 A 2 A 3 A 4 A 5 )Tr(cT 1 cT 1 cT 1 cT 2 cT 3 )A; r e 

X (-S23 - l)/9(-Si2, -S 23 - l)/3(-S 4 5 - ~z , S34) 

11 1 

x 3 F 2 (-si2, -s 25 - -, s 15 - S23 - s 34 - -; -S12 - s 23 - 1, -S34 - S45 - -; 1) 

So the Tr(A 1 A 2 A 3 A 4 A 5 )fci-^ part of the amplitude (jlj) should be equal to 

A = z2a'T p Tr(A 1 A 2 A 3 A 4 A 5 )(Tr(cT 2 cT2CT 1 cT 1 /) - Tr {a^a^xl) + Tr (cr^a^I^kyC 

X (-S 23 - l)/3(-Sl2, ~S 23 - l)/3(-S 4 5 - ^ > _S 34) (14) 

11 1 

x 3-^2( — S12, — S25 — -' Sl5 ~~ 523 _ 534 ~~ 2' ~ Sl2 ~~ 523 ~ ^' _ S34 ~~ 545 ~~ 2' ^ 

The first, second and the third term above correspond to the first, second and the third 
correlator in (j3J), respectively. Note that the above amplitude is similar to the amplitude of 
four massless transverse scalars and one gauge field, in particular, the appearance of minus 
sign in the second term above [29]. There is similar symmetry in the S-matrix element of 
four tachyons [22j [23] . 
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From the poles of the Beta and Hypergeometric functions, one realizes that the ampli- 
tude has tachyon, massless and infinite tower of massive poles. The tachyon and massless 
poles should be reproduced by effective field theory. The momentum expansion for Beta 
and the Hypergeometric functions must keep only the tachyon and the massless poles and 
expands all other poles to produce infinite number of contact terms which are ordered in 
terms of the momenta of the external states. 



The momentum expansion in equations (flOl) . ( fTTj) and (fl2l) in terms of the indepen- 
dent Mandelstam variables are (312,334 — ► 0, S23 — > —1, 345,315 — > —1/2), (323,312,334 — > 
-1, 345,315 -> -1/2) and (s 2 3 — > 0, 3i2,s 34 — > -1, s 4 5,3i5 -» -1/2), respectively. One 
can easily check that these limits are consistent with the constraint ([9]). Using the package 
HypExp [28] for expanding the Hypergeometric functions, one can expand the amplitude 
(fT4j) around the above points. The result is: 



jtttta = Ua'TpTr^X'X 3 ^^ ■ k x (15) 

3 2 3 + 1 3 23 + 1 3 23 + 1 3 i2 + 1 S34 + 1 



345 + \)S\2 (S15 + |)334 3i2334 323(345 + |) 323(si 5 + | 

1- 3 + 3 M 

(«15 + f) («45 + \) S 23 / 

S 23 3Si 2 S23 4S12 4s 2 3 



-C(2) — 1 h -| — 1 — 1 - 

1 (s 45 + I) (s 45 + \) (s 45 + §) (s 45 + §) (s 45 + §) (s 45 + I! 

s| 4 , 3S23S34 , 4s 23 , 4s 34 , 3 



I 22 1 _ _| 1 |_ 

(S15 + 2) ( S 15+2) (Sl5 + i) ( S 15 + |) (S15 + 2) ( S 15 + !) 
+ S23£l2 323(^15 + |) £12 (f!5 + |) 3 2 33 3 4 3 23 (345 + |) S34 
334 3 34 3 34 S34 8x2 S12 S12 

| (-S45 + |) Si 2 (si 5 + |) 334(345 + \) (345 + |) _ (3i5 + |) (345 + |! 
*12 S23 323 s 23 s 23 

, ( s i5 + 1: 



S23 



Sl2 — S34 + 33i5 + 3S45 — 5323 — 3 + ■ 



As we have anticipated, the above expansion keeps the tachyon and the massless poles of 
the amplitude (fl4|) and expands all other poles. Obviously, one can rewrite the expansion 
in terms of the momenta of the external states, because the expansion (FlOl) . (llip and (1121) 
are in terms of the momenta of the external states. The terms in the second and third lines 
above are 1/a', the terms proportional to £(2) are a' order, and dots refers to the higher 
order of a'. In terms of sy, the above terms have different a' order. This indicates that 
the effective field theory that should reproduce them must have couplings with different a' 
order. In the next section, we shall show that the terms in the second and the third lines 
above are reproduced by the terms in the first line of f[T5]) . and the terms proportional to 
C(2) are reproduced by all other terms in ([16]) which have obviously different a' order. 
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3 Amplitude in effective field theory 



Now we would like to compare the above terms of the expansion of the S-matrix element 
with the modified tachyon DBI action (pQ). One can expand the square roots in the action 
([1]) to find various couplings. The terms of the expansion which has contribution to the 
S-matrix element of one gauge field and four tachyons are the following: 

C = -^Tr((W)m 2 T 2 T 2 + (W)D a T 2 D a T 2 -(W) 2 F ab F 6a + [T 1 ,T 2 ][T 2 , 7\]/4 

T ( Tft^ 771 ^ 

-^(2W) 2 5Tr f —T X T X T 2 T 2 + —T{F X D a T 2 D a T 2 (16) 

- l -(D a T x D b T x D b T 2 D a T 2 ) + \{D a T x D a T x )(D h T 2 D h T 2 

-^(2W) 2 STr (U) a T x \T x ,T 2 \D b T 2 F ba 

-^-^-STi I D a T 2 D b T 2 F bc F ca - -D a T 2 D a T 2 F bc F cb - —T 2 T 2 F ab F ba \ 

Note that the above terms are not ordered in terms of power of a'. This is consistent with 
the momentum expansion of the S-matrix element (fl~5l) . We shall show that the terms in 
the first line above which we call them kinetic order terms, reproduce the first leading order 
terms in ffTo^) . and the other terms reproduce the terms in (fTST) which are proportional to 
C(2). 



3.1 Kinetic order terms 

Performing the trace over the internal CP matrices in the first line of ffTBT) . one finds 

- T p Tr ((W)m 2 TT + (na')D a TD a T - (W) 2 F ab F ba + T 4 ) (17) 
The non-abelian field strength and covariant derivative of tachyon are, respectively, 

F ab = ga A b _ gb^ _ ^6] ? qji, = qj,. _ ^ 

Using the couplings f[T7]) . one can calculate the Feynman amplitude corresponding to the 
massless and tachyon poles of the string theory S-matrix element (fl5l) . Similar calculation 
has been done in [29]. However, the last term in the above equation does not appear in 
the couplings considered in [29]. The Feynman amplitude at the kinetic order term which 
results from this term is given by 

V a (T4A5T) G a/3 (T) V 13 (TTiT 2 T 3 ) + V a {T l A b T)G a ^T)V^TT 2 T 3 T i ) 

= Aia'T p k v ^Tr(\ x \ 2 \ z \±\ b ) \—^-t + —^TT ) ( 18 ) 

\ S 45+2 S 15+ 2 J 
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where we have kept only the terms that are proportional to &i-£5 r Tr(AiA2A3A4A5). Adding 
them to the result in [29] (eq.(23) of [29]), one finds 

I TTTTA ( • Irri \ 7 t I 12 12 4 4s 2 3 4s 2 3 



jTTTTA = (ia%)k 1 .( 5 [^- T + ^- T -—+ f — + 



,S45 + | «15 + | S23 (S45 + |)-Sl2 («15 + §)s 3 4 

| 4s 34 4s 12 4s 2 3 4 4 

(Sl5 + |)S23 (-S45 + §)S23 S34S12 (s 4 5 + §)si2 (si5 + |)«34 



n— + n + Tr(A A A A A 5 ) + • • • (19) 

(Sl5 + 2) S 23 («45 + 2) S 23 S34S12 / 

where dots refers to the terms which have coefficients other than Tr(A 1 A 2 A 3 A 4 A 5 )fci -^5. This 
is exactly the leading order terms of the momentum expansion of the S-matrix element in 
the string theory side (Ti~5l) . The next order terms in (fl5l) are proportional to C(2)- We now 
turn to the Feynman amplitudes in field theory that are proportional to C(2)- 



3.2 C(2) order terms 

There are three Feynman amplitudes in the field theory at this order. One amplitude is 
produced by one vertex from the kinetic term of tachyon, one tachyon propagator and 
one vertex from four-tachyon couplings in ffTBT) . The second amplitude is produced by one 
vertex from the kinetic term of tachyon, one gauge field propagator and one vertex from 
the two-gauge-two-tachyon couplings in (fl6l) . And the last amplitude is the contact term 
of one-gauge-four-tachyon couplings in (fl6|) . We write them, respectively, as 

a TTTTA _ A 1 At , All 

A:(2) - A:(2) + a c(2) + a c(2) 

The Feynman amplitude Aq{2){TiT 2 T ?> T4 l A 5 ) is given by 

A ?( 2)(r 1 T2T 3 T4A 5 ) = VaiT^T^Ga^VpiTnAs) (20) 

The vertex of four-tachyons should be read from the different terms in the second line of 
( TT6]) . To do this, one should first perform the symmetric trace and perform the trace over 
the internal CP matrices, i.e., 

qTttt = _^( 2 W) 2 Tr ( f ?-T 4 + — (-TTD a TD a T--TD a TTD a T 
2 y ' \24 4 V3 3 

+ — (2D a TD a TD b TD b T - 3D a TD b TD a TD b T Yj (21) 

Now we can read the vertex of three on-shell and one off-shell tachyons from the above cou- 
plings. The vertex of four-tachyon contains terms that have group factors Tr(A 1 A 2 A 3 A a ), 
Tr(A 2 A 1 A 3 A a ), Tr(A 2 A 3 A 1 A a ), Tr(A 3 A 2 A 1 A Q ), Tr(A 1 A 3 A 2 A a ), and Tr(A 3 A 1 A 2 A a ). After re- 
placing them in (120]) . only the first factor will produce the desired ordering Tr(A 1 A 2 A 3 A 4 A 5 ). 



S 



So, we consider only the terms in the vertex that have factor Tr(A 1 A 2 A 3 A Q ). Hence, the 
vertex is 



V a (TiT 2 T 3 T) = -T p i(2W) 2 Tr(A 1 A 2 A 3 A Q ^ 



(7TI TTi^ 
— Q-(k 3 -p + kvp+ h-k 2 + k 2 -k 3 - k 2 -p- h-k 3 ) 

+ ^{h-k 2 k 3 -p + k 2 -k 3 ki-p - 3k r k 3 k 2 -p)) H (22) 

where p is momentum of off-shell tachyon. Replacing this and the other vertex and propa- 
gator in ( 1201) . one finds 

% a) (TiT 2 T 3 T 4 A5) = 2m / T P C(2)Tr(A 1 A 2 A 3 A 4 A 5 )A; 1 -e5 



2s 2 2 6S12S23 2s 2 3 7si2 7^23 



S45 + \ S45 + \ S45 + \ S45 + 1 S45 + I S45 + \ 



+ 5 1 + — y ] + • • • (23) 



S45 + I S45 + I S45 + I 

where we have used relation (jSJ) and 7r 2 /6 = C(2)- 

The other distinct diagram that produces the ordering Tr(A 1 A 2 A 3 A 4 A 5 ) is 



A m {T 2 T 3 T{r^) = 2m'T P C(2)Tr(A 1 A 2 A 3 A 4 A 5 )A; 1 ■ 6 



2s 2 3 6S34S23 2s| 4 7s 23 7s 34 



\ s 15 + \ s 15 + | s 15 + \ s 15 + \ s 15 + | s 15 + \ 

+ 2^ + ^i + -if^U... (24) 

s 15 + 2 s 15 + 2 S 15+2/ 

where again dots refer to the terms that have coefficient k 2 ■ £5, k 3 ■ £5, and have group factor 
other than Tr(A 1 A 2 A 3 A 4 A 5 ). 

We now consider the amplitude ^( 2 )- The amplitude N^ 2 ^A^T x T 2 T 3 Ti) is given by 

A\ {2) {A^T{r 2 T 3 T^) = V^(A 5 TiT 2 A)G^(A)Vp(AT 3 T i ) (25) 

where the vertex of two-gauge-two-tachyon should be read from the terms in the last line 
of (jl~6j) . There are three different amplitudes here that have been calculated in [29 J, i.e., 



4 (2) (A 5 r 1 r 2 r 3 r 4 ) 



ia'TpC^h ■ e 5 Tr(A 1 A 2 A 3 A 4 A 5 ) 
( 4s 23 (si 5 + \) 4si 2 s 23 



4(s 15 + |) 4s 



12 



S34 



S34 



S34 



S34 
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-2(sis + \) - 2s 12 + 2s u + 4s 23 + 4) + • • • (26) 

A'^in^A^n) = v^nnA^Gf^v^Ann) 

= ia'TgC^h ■ ^(A^A^A 5 ) 

/ 4g 23 (g 45 + |) _ 4g 23 S 34 _ 4(g 45 + |) _ 4£34 
\ S 12 S12 S12 S12 

-2(s 45 + -) + 2s 12 + 4s 23 - 2s 34 + 4^ + • • • (27) 

4 (2) (T 4 ^5TiT a T 3 ) = V:{T i Aa , iA)G%{A)V h p {AT 2 T s ) 
= ia%C(2)h ■ £ 5 Tr ( A 1 A 2 A 3 A 4 A 5 ) 

/4(s 15 + i)(s 4 5 + |) 4(s 15 + |)si2 4(s 45 + |)s 34 



\ s 23 s 23 s 23 

4(. u + i) 4(^. + i)_ 1 IV 



(2* 



S 2 3 s 23 2 2' 

Finally, we consider the amplitude A'L 2 )- The couplings in (l2Tj) produce the following 
contact terms of four tachyons and one gauge field: 

A" ^ (DTDTDTDT) = 4za'T P C(2)Jfei • £ 5 Tr(\ 1 \ 2 \ 3 \ i \ 5 )s 23 (29) 

Other contact terms are coming from coupling in the fourth line of (|T6|) . In this term, the 
commutator [T 1; T 2 ] is coming from (Q~ 1 )ij in ([T]). Writing the symmetric trace in terms 
of ordinary trace and performing the trace over the internal CP matrices, one finds 

^T p (2Tra') 2 Tr(D a TD b TTTF ba + D a TD b TF ba TT - D a TTTD b TF ba ) 



The above couplings produce the following contact terms 
1" 

X(2) 



A'!, 2 ) (DTDTTTF) = -8ia'T p C(2)fci • ^ 5 Tr(A 1 A 2 A 3 A 4 A 5 ) (1 + s 15 + s 45 ) (30) 



Now comparing the field theory amplitudes with the string theory amplitude (j!5j) . one 
finds exact agreement, i.e., 

jTTTTA _ jTTTTA _ jTTTTA = Q + ... ^ 

where dots refer to the terms with coefficients ((3) which are (a') 2 order, £(4) which are 
(a') 3 order, and so on. The above consistency, in particular, confirms the presence of (Q _1 )jj 
in the tachyon action (CD). This ends our illustration of consistency between the momentum 
expansion of the S-matrix element ( lT5i) and the non-abelian tachyon DBI action (OQ). 
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4 Discussion 



In this paper we have shown that the leading order terms , and next to the leading order 
terms of the momentum expansion of the S-matrix element of four tachyons and one gauge 
field are reproduced exactly by the modified tachyon DBI action that recently has been 
proposed in [22]. The next order terms in the expansion ffl5l) are (a') 2 order. They contains 
massless/ tachyon poles and contact terms. The higher derivative corrections in general have 
field redefinition freedom [30, 31], so one may choose this freedom to relate them to the 
couplings in field theory which have second derivative of T, i.e., couplings that include 
ddT. Similarly, the (a') 3 terms of (fl5l) may be related to the couplings that include dddT, 
and so on. It would be interesting to finds these higher derivative terms explicitly. 

The couplings in (fl6|) have on-shell ambiguity /freedom, i.e., m 2 T ~ D a D a T. This 
ambiguity /freedom can not be fixed even by studying the S-matrix element in which the 
tachyon appears as off-shell in the tachyon pole. If one replaces T with D a D a T it does 
not change the tachyon poles but produces an extra contact terms. These contact terms 
however cancels the contact terms that are resulted from replacing T with DDT . For 
example, one may rewrite the first term of (12"!]) as 



-T p (2W) 2 Tr (^T 4 ) _ -T p (2W) 2 Tr + (3^TTTD a D a T 

+ -^TTTD a D b D b D a T + ^TTTD a D b D a D b T + ^TTTD a D a D b D b T^j (32) 

where a + /3 + 'y + \ + a= 1. The couplings on the right hand side reproduce exactly the 
same S-matrix element as the coupling on the left hand side. To see this, we note that the 
right hand side gives the following one-gauge-four-tachyon contact terms: 

iT^a'fh ■ ^ 5 Tr(A 1 A 2 A 3 A 4 A 5 ) ( {l + ^ + a) (1 - s 15 - s 45 ) - p?fj (33) 

However, these couplings change also the vertex fl22|) and so modifies the amplitudes (T23l) 
and ff24|) . They gives the following extra contact terms: 

22«'T p C(2)Tr(A 1 A 2 A 3 A 4 A 5 )A; 1 • £5 (-(3 + (7 + A + a)(s 45 + s 15 - 1)) (34) 

They cancel exactly the contact terms in fl33l) . Hence, one has freedom to choose the 
constants a, f3, 7, A, o. The S-matrix method can only fixa + /5 + 7 + A + a = 1. Assuming 
the effective field theory at the DBI order has no couplings which has D a D a T terms, fixes 
the constants to/3 = 7 = A = cr = which is consistent with the tachyon DBI action. 

The modified tachyon DBI action ([1]) has couplings which are different from the usual 
tachyon DBI action. This action has been found from studying the S-matrix element around 
the unstable point of the tachyon potential, i.e., T = 0. One may extrapolate the action 
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to the stable point of the tachyon potential, i.e., T — > oo. Around this point the action 
reduces to the usual tachyon DBI action. To see this, we note the following: 



^1 + ^TjlpfyT,] = 1 + ^[Ti,T 2 ][T 2 ,T 1 ] - ^ [Ti , T 2 ] [T 2 , Ti] [7\ , T 2 ] [T 2 , T\] + ■■■ 

= 1 + hF x ,T 2 \[T 2 ,T x \ (35) 

where in the second line we have used the prescription given for the modified tachyon DBI 
action ([1]) that only two of the tachyons must be T 2 . All terms of the square root in the 
second line of ([T]) and the terms of tachyon potential V(T) that multiply the second term 
above must have 2\. So the square root in the second line of (jTJ that multiplied the second 
term above is the usual tachyon DBI action. On the other hand, around T — > oo only the 
second term in the above expansion is important. Therefore, the action ([I]) reduces to the 
usual tachyon DBI action with potential T 4 V(T 2 ). This potential goes to zero at T — > oo 
as expected from the tachyon condensation 



We have found the momentum expansion of the amplitude (jl]) by finding the massless 
poles of each correlator, i.e., in the first correlator (k\ + A; 2 ) 2 , (&3 + k$) 2 — > 0, in the second 
correlator {ki + k 3 ) 2 , (& 2 + A^) 2 — > and in the last correlator {k\ + k^) 2 , (fc 2 + fc 3 ) 2 — > 0. All 
other Mandelstam variables go as fc^&j — > 0. The momentum expansion of the amplitude §5§ 
is similar. The correlator here can have massless pole in all si 2 , S34, S13, s 2 4, S14, s 2 3 channels. 
However, the on-shell constraint (jSJ) does not allow the correlator to have massless pole in 
these channels at the same time. In this case, one has to send once (/ci + /c 2 ) 2 , (ks + k^) 2 — > 0, 
once (ki + k^) 2 , (fc 2 + k^) 2 — > and once {k\ + /C4) 2 , (/c 2 + k%) 2 — > as in ([6]). This can easily 
be extended to the n-point function. For example, the S-matrix element of six tachyons is 
given by 

J dx 1 dx 2 dx s dx 4: dx 5 dx 6 [(Vq (x^Vq (x 2 )Vq (x 3 )V^ (x^Vj' (x 5 )V^ 2 (x e ))^) (36) 

non— cyclic 

The result must be symmetric under interchanging the tachyons. The momentum expansion 
of this amplitude is the following: 

(si2, S34, s 5 e) — > + (S12, s 35 , s 4 e) -> + (S12, «36, S45) — > + 

(S13, S 2 4, S56) + (si 3 , S 2 5, S 4 e) — > + (S13, S 2 6, S45) ^ + 
(Sl4) S 2 3, S56) — > + (S14, S 2 5, S36) — ■> + (S14, S 2 6, S35) — > + 
(Sl5, S 2 3, S46) -> + (Sis, S 2 4, S36) -> + (si 5 , S 26 , S34) — > + 
(^16; 523) s 45) — ¥ + (Si6, S24, S35) — > + (s 16 , S25, S34) — > (37) 

which is symmetric under interchanging the tachyons. In each case all other Mandelstam 
variables go as ki-kj — > 0. Of course, not all the Mandelstam variables are independent. In 
each case it it is easy to find the expansion in terms of the independent variables, e.g., see 
the expansions in (TTD1) . ffTTT) and (jl2"l) . 
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The internal CP matrix for all the vertex operator in the above amplitude is o\. Alter- 
natively, the amplitude can be written as 

^2 J dxidx 2 dx 3 dx4dx 5 dx e ((V t 1 (x 1 )V 7 ; 1 (x2)Vq (x 3 )Vq {x^Vq {x 5 )Vq \x 6 )) + 

non— cyclic 

(V T 1 (x 1 )V T (x 2 )VT 1 (x 3 )V T (x 4 )V T (x 5 )V T (x 6 )} + 
(V T 1 (x 1 )V T (x 2 )V T (x 3 )V^ 1 (x A )V T (x 5 )V T (x 6 )} + 
(Vl 1 (x 1 )V T (x 2 )V T (x 3 )V T (x 4 )V^(x 5 )V T (x 6 )} + 
(KT 1 (x0^o T (^)n T (a;3)Vf(x 4 )Vf(x 5 )K. T 1 (x 6 ))) 

For the first correlator, the Mandelstam variables go as in the first line of fl37j) . for the 
second correlator, the Mandelstam variables go as in the second line of fl371) . and so on. 
If one performs the correltors in the above amplitude and then use the above expansion, 
one should find consistency between the leading order terms of the expansion and the 
six-tachyon couplings in ([I]). It would be interesting to perform this calculation. 
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